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Abstract
Motivated by the pioneering work of Jackiw and Rebbi, we explore the prop-
erties of fermionic Hamiltonians under discrete transformations in the back-
ground of the SU(2)L S sphaleron of the electroweak standard model. We
find that CP is not a symmetry of the system along the noncontractible
loop of field configurations that connects topologically distinct vacua and
includes the sphaleron. By augmenting the CP transformation with an ad-
ditional operation, we observe that the Dirac Hamiltonian is odd under the
new transformation precisely at the sphaleron, and this ensures the mirror
symmetry of the spectrum. This symmetry also indicates that the zero mode
is self-conjugate. As a consistency check, we show that the fermionic zero
mode discovered by Ringwald in the sphaleron background is invariant un-
der the new transformation. This symmetry is broken elsewhere along the
loop. For the vacua, this symmetry is ensured by the usual CP invariance.
The fermion numbers 1
2
of the sphaleron then follow immediately from the
reasonings presented by Jackiw and Rebbi or equivalently from the spectral
deficiency 1
2
of the Dirac sea. The relevance of this analysis to other solutions
is also discussed.
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1 Introduction
In their seminal paper on the subject of charge fractionalization, Jackiw and
Rebbi [1] studied the Dirac equation in classical bosonic backgrounds for a
number of field theories. In their analysis, they first showed that the Dirac
equations admit normalizable, static zero-energy solutions. From there, they
went on to prove that a non-degenerate, c-number zero mode implied that the
background bosonic configuration carried half-integer fermion numbers. A
key condition in their analysis was fermion number conjugation invariance of
system, which implied spectral mirror symmetry in the classical bosonic back-
ground, along with fermion number conjugation invariance of the fermionic
zero mode. Since then, charge fractionalization has been thoroughly stud-
ied and has found a wide range of applications in different areas of physics,
such as particle physics [2–10], cosmology [11–14], condensed matter physics
[15–18] and polymer physics [19–21].
The above argument was made for solitons. Nevertheless, it can be ex-
tended to other solutions as well. Another class of solutions that can be found
in certain field theories are sphalerons, which are saddle-point solutions in
field configuration space [22, 23]. In this context, configuration space is the
infinite-dimensional function space in which all finite energy, static field con-
figurations exist. To prove the existence of sphaleron solutions in this space,
2
one can perform an infinite-dimensional version of the minimax procedure
used by Lyusternik and Snirelman [24]. The method to do this is to first
form a noncontractible loop (more generally, a noncontractible n-sphere, de-
pending on the problem at hand) in field configuration space and find the
configuration along the loop that maximizes the field energy functional. Then
one shrinks this loop to minimize the maximal energy [25]. If the configura-
tion that is singled out satisfies the field equations of motion, then a sphaleron
has been constructed.
An important member of this class of solutions is the “S” sphaleron [25] of
the electroweak standard model. Its importance stems from the role that it is
believed to play in the early Universe, including the generation of the matter-
antimatter asymmetry of the Universe [26–28]. Following the discovery of
this solution in hadronic models [29, 30], the sphaleron was rediscovered
[22] in SU(2)L theory and its properties and implications for cosmology were
detailed in [26]. There, the baryon and lepton numbers of the sphaleron were
calculated and both were shown to be 1
2
[26]. This was done by integrating the
temporal component of the Chern-Simons current over 3-space and obtaining
the resultant Chern-Simons charge for the sphaleron configuration, which is
just its baryon or lepton number.
At this point, it is worth mentioning that sphalerons differ from solitons in
an important way: whereas solitons are static, stable, finite-energy solutions
in real time (t2 > 0), sphalerons are static, unstable, finite-energy solutions
in real time and therefore quickly decay to the vacuum configuration [31].
To understand this better, note that a single map from spatial infinity (with
spherical compactification), S2∞, to the Higgs vacuum manifold three-sphere,
S3Higgs, is topologically trivial, i.e.
π0
(
Maps (S2∞ → S3Higgs)
) ∼= π2(S3) ∼= I, (1.1)
where
[
Maps (S2∞ → S3Higgs)
]
, as defined in [23], is the topological equivalent
of field configuration space, πm(S
n) classifies the homotopy groups of spheres,
I is the identity map and ∼= signifies an isomorphism. This means that any
single mapping can be continuosly deformed to the identity map. In order to
achieve nontrivial topology, we can instead consider a one-parameter family
of maps from S2∞ to S
3
Higgs. If the map begins and ends at the vacuum
configuration and is approriately defined [22, 25], then the resulting loop in
field configuration space will be noncontractible, i.e.
3
π1
(
Maps (S2∞ → S3Higgs)
) ∼= π3 (SU(2)) ∼= π3 (S3) ∼= Z, (1.2)
where the loop belongs to the first homotopy sector of the above map.
To obtain a sphaleron solution, one usually starts with an ansatz. In the
full SU(2)L × U(1)Y theory, the presence of the U(1) field downgrades the
spherically symmetric“hedgehog” ansatz for the SU(2)L sphaleron [22, 32] to
an axially symmetric ansatz [33, 34] for the sphaleron configuration. Later
on, a specific sphaleron solution for non-vanishing mixing angle was presented
in [35]. Following this, a number of other sphaleron solutions were introduced
both in electroweak theory and in other field theories as well [23, 25, 36–43].
The next step in the study of electroweak sphalerons was to add fermions
to the theory. For the SU(2) theory, a normalizable zero-energy solution of
the Dirac equation was shown to exist precisely at the sphaleron [44, 45].
Later on, in the level-crossing picture for the SU(2)L theory, the change in
fermionic eigenvalues from one vacuum to a neighboring vacuum, through
the sphaleron, was numerically determined [46]. There, it was shown that
as one traverses the path beginning at one vacuum, passing through the
sphaleron and ending at a neighboring vacuum, a single negative eigenvalue
of the Dirac Hamiltonian arises from the Dirac sea, crosses the zero energy
level precisely at the sphaleron and enters the positive energy continuum at
the next vacuum1. This numerical study thus reconfirmed the existence of a
zero energy bound state in the sphaleron background. A similar numerical
analysis [48] has also been done in the background of the S sphaleron for
when the fermions are non-degenerate in mass. The splitting of the fermion
masses forces one to consider an axially symmetric ansatz for the fermionic
fields. There, the authors showed that based on the results obtained using
an “almost spherically symmetric ansatz”, i.e., when the mass difference is
small, the hedgehog ansatz for fermions is a good approximation for study-
ing fermionic level-crossing in the background of the sphaleron. A similar
conclusion for the sphaleron’s properties was also reached in [26] for when
the bosonic ansatz is axially symmetric.
An important observation that can be made in the results of [46] and [48]
is that, when the change in the spectrum of the fermionic Hamiltonian is
monitored as the non-contractible loop (NCL) connecting neighboring vacua
1This non-vanishing spectral flow can be understood in terms of the Atiyah-Singer
index theorem [47], which relates the analytic index of the Dirac operator (the parameter
µ of the NCL) to the topological charge of the NCL.
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through the sphaleron is traversed, the fermionic spectrum for the bound
states is symmetric about E = 0 at the sphaleron and fails to be so as
one travels toward the vacua in either direcion along the NCL. If the whole
fermionic spectrum, including the continua, has mirror symmetry, this would
suggest, based on the results of [1], that the fermion numbers of the sphaleron
are 1
2
.
The main goal of this paper is to present a rederivation of the half-integer
fermion numbers of SU(2)L sphalerons by adopting an approach that is based
on discrete symmetries. To do this, we find the transformation operator,
which includes CP transformations, under which the Dirac Hamiltonian is
odd. Hence we show that the entire spectrum of the Dirac Hamiltonian has
mirror symmetry in the presence of the sphaleron. We then use the results
presented by [1] to argue that the presence of the zero mode mandates half-
integer fermion numbers for the sphaleron. In addition to presenting an
alternative route to the calculation of the sphaleron’s fermion numbers than
the standard one used in [26], and confirming the numerical results of [46, 48],
we believe this approach has a number of other advantages, which will be
further elaborated in Section 4.
The outline of this paper is as follows: In Section 2, we briefly review
the bosonic sector of electroweak theory and the sphaleron ansatz of SU(2)L
Yang-Mills-Higgs (YMH) theory in the limit of vanishing weak mixing an-
gle. In Section 3, we analyze the behavior of the Dirac Hamiltonian opera-
tor under a CP transformation. For fermions in the background of SU(2)L
sphalerons, we do this for all configurations along the NCL. Bearing in mind
the nontrivial topology of the NCL, we then augment CP to arrive at a
suitable choice for the fermion number conjugation operator. Finally, we
perform a consistency check on the zero mode discovered by Ringwald [45]
in the sphaleron background. In Section 4, we summarize our results and
present an outlook.
2 Bosonic Fields
Consider the bosonic sector of the well-established electroweak Lagrangian
L = −1
4
GaµνG
µν
a −
1
4
FµνF
µν +
(
DµΦ)
†(DµΦ
)− λ (Φ†Φ− η2)2 , (2.1)
5
where the U(1) field strength tensor is given by
Fµν = ∂µAν − ∂νAµ, (2.2)
the SU(2) field strength tensor is given by
Gaµν = ∂µB
a
ν − ∂νBaµ + gǫabcBbµBcν , (2.3)
and the covariant derivative of the Higgs field is
DµΦ =
(
∂µ − ig τ
a
2
Baµ − ig′Y Aµ
)
Φ. (2.4)
The non-vanishing vacuum expectation value (VEV) of the Higgs field
〈Φ〉 = η
(
0
1
)
(2.5)
spontaneously breaks the gauge symmetry such that
SU(2)L × U(1)Y SSB−−→ U(1)EM . (2.6)
This ensures that the Maxwell field remains massless, while the masses of
the Higgs and remaining gauge bosons are given by
MW =
1√
2
gη, MZ =
1√
2
√
g2 + g′2η, MH = 2η
√
λ. (2.7)
Finally, the weak mixing angle θw and electric charge e are determined by
tan θw =
g′
g
, e = g sin θw. (2.8)
2.1 SU(2)L Sphaleron
In the limit of vanishing mixing angle, the U(1) field decouples and this
allows for a spherically symmetric ansatz for the gauge and Higgs fields of
the NCL. To this end, consider the following map:
U : S1 ∧ S2 ∼ S3 → SU(2), (µ, θ, φ) 7→ U (µ, θ, φ) , (2.9)
6
where ∧ is the smash product2 and µ is the loop parameter. The map U
needs to be topologically nontrivial (of winding number 1 in this case) with
the appropriate boundary conditions. A suitable representation is [22, 25]
U (µ, θ, φ) = −iy1τ1 − iy2τ2 − iy3τ3 + y4I2, (2.10)
where 

y1
y2
y3
y4

 =


− sinµ sin θ sinφ
− sin µ sin θ cosφ
sin µ cosµ (cos θ − 1)
cos2 µ+ sin2 µ cos θ

 , (2.11)
and τ i, the generators in weak isospace, are the usual Pauli matrices. Using
the above map, the ansatz3 for the static gauge and Higgs fields of the SU(2)L
sphaleron barrier becomes [22]
B (µ, r, θ, φ) = −f (r)
g
dU (µ, θ, φ)U−1 (µ, θ, φ) ,
Φ (µ, r, θ, φ) = ηh (r)U (µ, θ, φ)
(
0
1
)
+ η [1− h (r)]
(
0
e−iµ cosµ
)
,
(2.12)
where the radial functions have the following boundary conditions:
lim
r→0
f (r)
r
= 0, lim
r→∞
f (r) = 1,
lim
r→0
h (r) = 0, lim
r→∞
h (r) = 1.
(2.13)
Some remarks are in order. The field B is the SU(2)-valued one-form
B (µ, r, θ, φ) = Brdr +Bθdθ +Bφdφ = Bidx
i, (2.14)
for which we impose the polar gauge condition Br = 0 [22]. We assume that
in the polar gauge there exists a limiting field
Φ∞ (θ, φ) ≡ lim
r→∞
Φ (r, θ, φ) , (2.15)
such that |Φ∞| = 1 and
Φ∞ (θ = 0) =
(
0
1
)
. (2.16)
Observe that, of the gauge and Higgs fields configurations of the NCL, only
the sphaleron (µ = π
2
) and the vacuum (µ = 0) are parity eigenstates.
2For a definition, see [25].
3It can be shown that, even when the ansatz is not manifestly spherically symmetric,
it can always be transformed to one that is [32, 49].
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2.2 Chern-Simons Charge and Baryon Number
A topologically significant number that can be assigned to any gauge field
configuration is the Chern-Simons number. The SU(2) contribution to the
Chern-Simons current is
Kµ =
g2
16π2
ǫµνρσTr
(
GνρBσ +
2
3
igBνBρBσ
)
, (2.17)
where
Gνρ =
1
2
τaGaνρ, Bν =
1
2
τaBaν . (2.18)
The divergence of Kµ is non-vanishing. Physically, this represents the fact
that the fermionic currents in the standard model contain an Abelian anomaly
[50]. The Chern-Simons charge is defined as
QCS =
∫
d3rK0. (2.19)
When calculated in the correct gauge, namely one in which the integral of
~K. ~dS over the surface of a sphere S at spatial infinity vanishes [26], the
Chern-Simons charge of the field configuration is equal to its baryon (lepton)
number QB (QL) [26]. For the SU(2)L sphaleron of YMH theory, if one starts
from a vacuum configuration with QB set to zero and traverses the NCL
through the sphaleron, one finds that the sphaleron will have QB =
1
2
[26],
while the neighboring vacuum will have QCS = 1. Futhermore, as was noted
in [26] and explicitly calculated in [51], even when θw 6= 0, since the electric
and magnetic fields are perpendicular at the sphaleron, the U(1) field does
not contribute to the baryon number. Therefore, for the axially symmetric
ansatz [52] of the SU(2)L × U(1)Y sphaleron, once again QB = 12 . In the
next section, we present an alternative derivation of the fermion numbers of
the S sphaleron based on discrete symmetries reflected in the spectral mirror
symmetry of the Dirac Hamiltonian.
3 Fermionic Symmetries
In this section we study the behavior of the Dirac Hamiltonian under discrete
transformations including C and P in a sphaleron background. To motivate
this, we first perform an analogous calculation for a simpler model involving
8
fermions in the background of a topologically nontrivial configuration. For
the sphaleron, when the weak mixing angle goes to zero, we perform our
analysis for arbitrary loop parameter µ. For the SU(2)L ×U(1)Y sphaleron,
only the sphaleron ansatz has been constructed and not the full barrier.
This restricts our analysis to the sphaleron when θw = 0. Nevertheless, this
strategy can be readily extended to the full barrier once it is constructed.
3.1 MacKenzie-Wilczek Model
Let us first briefly consider a 1+1 dimensional theory of effectively massive
fermions interacting nonlinearly with a pseudoscalar field. The Lagrangian
for this theory is given by [3]
L = ψ¯
(
iγµ∂µ −meiφ(x)γ5
)
ψ, (3.1)
with the topologically nontrivial background field given by
φ(x) = µ
x
|x| , µ ∈ (0, π) . (3.2)
This model, which was extensively studied by MacKenzie and Wilczek in [3],
is in fact a chirally rotated, infinitely thin version of the one studied in [1].
Here, we are interested in the behavior of the Dirac Hamiltonian operator
under fermion number conjugation. The Hamiltonian operator is
Hˆ = −iγ0γj∂j +mγ0eiφ(x)γ5 (3.3)
and the choices of gamma matrices and charge conjugation operator are [3]
γ0 = σ1, γ1 = iσ3, γ5 = γ0γ1 = σ2, ψC(x) = σ1ψ∗(x). (3.4)
Inserting the expression for φ(x) given by Eq.(3.2), the charge-conjugated
Hamiltonian operator in this representation becomes
HˆC ≡ CHˆC−1 = iγ0γj∂j +m
(
cos 2µ γ0 − i |x|
x
sin 2µ γ1
)
eiφ(x)γ
5
. (3.5)
This implies that precisely at µ = π
2
the Dirac Hamiltonian is odd under
charge conjugation, i.e.
HˆC
(
x, t, µ =
π
2
)
= −Hˆ
(
x, t, µ =
π
2
)
. (3.6)
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This in turn implies that for every eigenstate with energy E there is one with
energy −E, and hence the spectrum has mirror symmetry. An important
observation to make in the analysis of [3] is that, as the nontrivial classical
configuration adiabatically forms from the trivial one, a bound state separates
from the positive continuum at µ = 0, crosses E = 0 at µ = π
2
and joins
the Dirac sea at µ = π. Meanwhile, the spectral deficiency D in the positive
continuum caused by the bound state starts to replenish, while deficiency
starts to build up in the Dirac sea. At µ = π
2
the fermionic bound state is at
E = 0, and the spectral deficiencies in both continua are [5]
D = µ
π
. (3.7)
Therefore, at µ = π
2
, the quantum field theoretic expectation value of the
fermion number operator is [3]
|〈N〉| = 1
2
. (3.8)
This number can be interpreted as the fermion number of the bosonic con-
figuration.
3.2 CP Transformation along Noncontractible Loop
Motivated by the above results, let us now extend this analysis to the SU(2)L
sphaleron. Consider the Dirac Hamiltonian operator of the electroweak the-
ory at θw = 0 [25]
Hˆ = −iγ0γjDj + kγ0
(
Φ†MPL + ΦMPR
)
, (3.9)
where the matrix ΦM contains the scalar fields of the Higgs doublet and its
charge-conjugated doublet and is given by
ΦM =
(
φ∗2 φ1
−φ∗1 φ2
)
, (3.10)
and the projection operators are defined as
PL =
1
2
(
1− γ5) , PR = 1
2
(
1 + γ5
)
. (3.11)
10
We now use the ansatz given in Eq.(2.12) to construct ΦM shown in Eq.(3.10)
and insert it into Eq.(3.9) to obtain the expression for Hˆ along the NCL. The
final expression for Hˆ is shown in the appendix.
We use the following choice of Weyl representation for our gamma matri-
ces
γ0 =
(
0 I2
I2 0
)
, γi =
(
0 σi
−σi 0
)
, γ5 =
( −I2 0
0 I2
)
. (3.12)
In this representation, charge conjugation acts nontrivially on scalars and
spinors, both of which transform in the fundamental representation of SU(2),
as
Φ (~x, t)
C−→ iτ 2Φ∗ (~x, t) , Ψ (~x, t) C−→ iτ 2γ2Ψ∗ (~x, t) , (3.13)
while under the combined transformation of C and P,
Φ (~x, t)
CP−−→ iτ 2Φ∗ (−~x, t) , Ψ (~x, t) CP−−→ iτ 2γ2γ0Ψ∗ (−~x, t) . (3.14)
Therefore, the charge-conjugated, parity-inverted Hamiltonian becomes
HˆCP (~x, t, µ) = γ2γ0
( −Hˆ∗22 Hˆ∗21
Hˆ∗12 −Hˆ∗11
)
(−~x,t,µ)
γ0γ2. (3.15)
After inserting Eq.(A.2) into Eq.(3.15), we observe that nowhere along the
NCL is Hˆ odd under CP, except at the trivial vacua. However, at µ = π
2
,
there are many cancellations and the even part reduces to
HˆCP
(
~x, t, µ =
π
2
)
+ Hˆ
(
~x, t, µ =
π
2
)
= 2kηh(r)γ0
(
cos θ (PL + PR) − sin θeiφ (PL − PR)
sin θe−iφ (PL − PR) cos θ (PL + PR)
)
.
(3.16)
This simply reflects the fact that the pseudoscalar sphaleron configuration
breaks the CP invariance of the one-generation electroweak theory that we
have been considering. We now define a new transformation, C˜P , which
consists of CP and is augmented by an additional operation as follows
C˜P ≡ CPX , (3.17)
where X = −iγ5. By repeating the calculation leading to Eq.(3.16) for the
new operation, Eq.(3.17), we see that
HˆC˜P
(
~x, t, µ =
π
2
)
= − Hˆ
(
~x, t, µ =
π
2
)
. (3.18)
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The existence of a transformation under which Hˆ is odd ascertains the
spectral mirror symmetry. That is, under such a transformation every eigen-
state of Hˆ with energy E is transformed into one with energy −E, the only
exception being a zero energy bound state which must then be invariant un-
der such a transformation. This can easily be verified within our model. As
was mentioned in the introduction, the existence of a zero mode was shown
theoretically in [44, 45] and numerically in [46]. In the next subsection we
check the invariance of the zero mode discovered by Ringwald (which is the
one that is relevant to our model) [45] under C˜P . The fermion numbers 1
2
of the sphaleron then follow immediately from the reasonings presented by
Jackiw and Rebbi or equivalently from the spectral deficiency 1
2
of the Dirac
sea. It is worth mentioning that at the trivial vacua (µ = 0, π), Hˆ is odd
under CP, showing that the spectrum has mirror symmetry there, reflecting
the CP invariance of the one-generation SU(2)L theory. However, there are
no bound states in the trivial vacua.
3.3 The Zero Mode
Recall that in the original analysis of Jackiw and Rebbi, the fermionic zero
mode in the soliton background was fermion number self-conjugate [1]. Thus,
an important consistency check on our symmetry tranformation would be to
operate it on the fermionic zero mode that was discovered by Ringwald at the
electroweak S sphaleron [45]. To this end, consider the zero-energy solution
of the Dirac equation in the sphaleron background. The ansatz for the left-
handed isodoublet of the zero mode is given by [45]
Ψiα0,L (~x, t) = ǫ
iαz(r), (3.19)
where i = 1, 2 is the weak isospin index, α = 1, 2 is the spinor index and ǫij is
the Levi-Civita symbol (ǫ12 = +1). The functional form of z(r) is obtained
by solving the radial part of the Dirac equation. Depending on whether the
fermions are massive or massless, z(r) will take on a different form [45]. For
a single generation of left-handed quarks, denoted by
Ψα0,L =
(
uα0,L
dα0,L
)
, (3.20)
12
this implies that
u0,L (~x, t) = z(r)
(
0
1
)
≡ z(r) |↓〉 , d0,L (~x, t) = z(r)
(−1
0
)
≡ −z(r) |↑〉 .
(3.21)
Thus, Eq.(3.19) can also be written as
Ψ0,L (~x, t) = z(r)
( |↓〉
− |↑〉
)
. (3.22)
A CP transformation on Eq.(3.22) yields
ΨCP0,L (~x, t) = iγ
5Ψ0,L (~x, t) , (3.23)
which shows that, as expected, the zero mode is not CP-invariant. By not-
ing that we are performing the symmetry transformation at the sphaleron
(µ = π
2
), implementing the additional factor of −iγ5 required by a C˜P trans-
formation, we obtain
ΨC˜P0,L (~x, t) = Ψ0,L (~x, t) . (3.24)
Thus, we observe that the fermionic zero mode of Ringwald in the sphaleron
background is C˜P -invariant.
4 Summary and Discussion
In this paper, we have studied the behavior of fermions under discrete trans-
formations in sphaleron backgrounds. More specifically, we have investigated
how the Dirac Hamiltonian behaves under a CP transformation in the pres-
ence of electroweak sphalerons. The solution that we chose for our analysis
was the SU(2)L sphaleron and not the SU(2)L × U(1)Y sphaleron of the
electroweak standard model. This is because in our analysis we used a fully
parametrized sphaleron barrier and such a barrier has not been fully con-
structed yet for nonvanishing mixing angles. Only an axially symmetric
ansatz for the sphaleron itself has been presented [35].
For the fields of the NCL passing through the S sphaleron, our calculations
show that the system is not CP-invariant except at the trivial vacua. We then
construct a transformation, denoted by C˜P , by augmenting a CP transfor-
mation with an additional operation acting nontrivially in the Yukawa sector.
We see that, for field configurations along the NCL, the Dirac Hamiltonian
13
is odd under C˜P precisely at the S sphaleron sitting at the top of the barrier
connecting neighboring vacua. This ensures that the spectrum has mirror
symmetry. That is, for every positive energy eigenstate there is a corre-
sponding negative energy one and the zero mode, if any, is self-conjugate. In
fact, this is the only place along the NCL that a C˜P -invariant fermionic zero
mode can exist.
As an important consistency check, by performing the symmetry trans-
formation on the fermionic zero mode discovered by Ringwald [45] in the
sphaleron background, we observe that the zero mode is indeed C˜P -invariant.
This is closely analogous to the analyses of [1, 3]. There, fermion number
conjugation symmetry of the spectrum including the zero mode in the back-
ground of the classical solution was an important condition that was used in
the derivation of the half-integer fermion numbers of the background bosonic
fields. In the analyses of [1, 3], fermion number conjugation was charge conju-
gation. Our transformation operator is C˜P which reveals the spectral mirror
symmetry at the sphaleron. In this configuration, the spectral deficiency in
the Dirac sea is exactly 1/2 and one associates this to the fermion number
of the background field which is the sphaleron.
Overall, this analysis offers a number of other potential advantages. At a
basic level, it provides a useful consistency check for the numerous fractionally-
charged sphaleron ansatzes that have been discovered so far [36–43], and can
place constraints on their functional forms. Furthermore, the analyses of
[1, 3] required C-invariance, while the present analysis led to C˜P -invariance.
It may be that other solutions require other novel symmetry transforma-
tions for the fermionic sector to correctly explain their fractional charges.
An important issue that our study has not addressed is what happens when
one considers three generations of fermions, where CP symmetry is violated
through the CKM and PMNS mixing matrices in the background of the even-
parity Higgs field vacuum. In any case, the approach adopted in this study
opens an avenue of inquiry that necessitates further study.
Finally, from a more practical perspective, one should bear in mind that
sphalerons are physically significant solutions in field theory. For instance,
the origin of the matter-antimatter asymmetry of the Universe is one of
the great unsolved mysteries in physics and many competing, and at times,
complementary theories are attempting to provide an explanation. Given the
central role that electroweak sphalerons play in many of these explanations,
systematically studying fermionic symmetries in their background may help
14
shed new light on their role in electroweak baryogenesis.
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A Dirac Hamiltonian along NCL
In this section we give the explicit functinal form of the components of
Eq.(3.9). As an SU(2)-valued 2× 2 matrix, Hˆ is
Hˆ =
( Hˆ11 Hˆ12
Hˆ21 Hˆ22
)
. (A.1)
In the background of the gauge and Higgs fields of the NCL, Eq.(2.12), the
components of Hˆ are
Hˆ11 =− iγ0γj∂j + f(r)rγ0γ3PL sinµ cosµ sin2 θ
− f(r)rγ0γ1PL sin µ sin θ
(
cosµ cos θ cos φ− sinµ sin2 θ sin φ)
− f(r)rγ0γ2PL sin µ sin θ
(
cosµ cos θ sin φ+ sinµ sin2 θ cosφ
)
+ kηh(r)γ0
[
e−iµ
(
cosµ
h(r)
+ i sinµ cos θ
)
PL + e
iµ
(
cosµ
h(r)
− i sinµ cos θ
)
PR
]
,
(A.2a)
Hˆ12 = if(r)rγ0γ1PLei(µ+φ) sin µ
× [cos θ cos φ (cosµ cos θ − i sinµ)− i sin2 θ sinφ (cosµ− i sinµ cos θ)]
+ if(r)rγ0γ2PLe
i(µ+φ) sin µ
× [cos θ sin φ (cosµ cos θ − i sinµ) + i sin2 θ cosφ (cosµ− i sin µ cos θ)]
− if(r)rγ0γ3PLei(µ+φ) sin µ sin θ (cosµ cos θ − i sinµ)
− kηh(r)γ0 sin µ sin θeiφ (PL − PR) ,
(A.2b)
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Hˆ21 = − if(r)rγ0γ1PLe−i(µ+φ) sinµ
× [cos θ cos φ (cosµ cos θ + i sinµ) + i sin2 θ sin φ (cosµ+ i sinµ cos θ)]
− if(r)rγ0γ2PLe−i(µ+φ) sinµ
× [cos θ sin φ (cosµ cos θ + i sinµ)− i sin2 θ cosφ (cosµ+ i sinµ cos θ)]
+ if(r)rγ0γ3PLe
−i(µ+φ) sinµ sin θ (cosµ cos θ + i sinµ)
+ kηh(r)γ0 sin µ sin θe−iφ (PL − PR) ,
(A.2c)
Hˆ22 =− iγ0γj∂j − f(r)rγ0γ3PL sin µ cosµ sin2 θ
+ f(r)rγ0γ1PL sinµ sin θ
(
cosµ cos θ cosφ− sin µ sin2 θ sinφ)
+ f(r)rγ0γ2PL sinµ sin θ
(
cosµ cos θ sinφ+ sinµ sin2 θ cos φ
)
+ kηh(r)γ0
[
e+iµ
(
cosµ
h(r)
− i sinµ cos θ
)
PL + e
−iµ
(
cosµ
h(r)
+ i sin µ cos θ
)
PR
]
.
(A.2d)
References
[1] R. Jackiw and C. Rebbi, “Solitons with fermion number 1/2,”
Phys. Rev. D 13, 3398–3409 (1976).
[2] Jeffrey Goldstone and Frank Wilczek, “Fractional quantum numbers of
solitons,” Phys. Rev. Lett. 47, 986–989 (1981).
[3] R. MacKenzie and Frank Wilczek, “Illustrations of vacuum polarization
by solitons,” Phys. Rev. D 30, 2194–2200 (1984).
[4] R. MacKenzie and Frank Wilczek, “Examples of vacuum polarization
by solitons,” Phys. Rev. D 30, 2260–2263 (1984).
[5] S.S. Gousheh and R. Lopez-Mobilia, “Vacuum polarization by solitons
in (1+1) dimensions,” Nuclear Physics B 428, 189–208 (1994).
[6] R. Jackiw, “Quantum meaning of classical field theory,”
Rev. Mod. Phys. 49, 681–706 (1977).
[7] E. Witten, “Dyons of charge eθ/2π,” Phys. Lett. B 86, 283–287 (1979).
16
[8] J. Goldstone and R. L. Jaffe, “Baryon number in chiral bag models,”
Phys. Rev. Lett. 51, 1518–1521 (1983).
[9] Charmchi F. Gousheh, S.S., “Massive jackiw - rebbi model,”
Nucl. Phys. B 883, 256–266 (2014).
[10] F. Charmchi and S. S. Gousheh, “Complete spectral anal-
ysis of the jackiw-rebbi model, including its zero mode,”
Phys. Rev. D 89, 025002 (2014).
[11] E. R. Bezerra de Mello and A. A. Saharian, “Polarization of
the fermionic vacuum by a global monopole with finite core,”
Phys. Rev. D 75, 065019 (2007).
[12] E. R. Bezerra de Mello, V. B. Bezerra, A. A. Saharian, and A. S.
Tarloyan, “Fermionic vacuum polarization by a cylindrical boundary in
the cosmic string spacetime,” Phys. Rev. D 78, 105007 (2008).
[13] E. R. Bezerra de Mello and A. A. Saharian, “Fermionic vacuum polar-
ization by a composite topological defect in higher-dimensional space-
time,” Phys. Rev. D 78, 045021 (2008).
[14] E.R. de Mello and A. A. Saharian, “Vacuum polarization
induced by a cosmic string in anti-de sitter spacetime,”
J. Phys. A: Math. Theor. 45 (2012), 10.1088/1751-8113/45/11/115402.
[15] W. P. Su, J. R. Schrieffer, and A. J. Heeger, “Solitons in polyacetylene,”
Phys. Rev. Lett. 42, 1698–1701 (1979).
[16] W. P. Su and J. R. Schrieffer, “Fractionally charged excita-
tions in charge-density-wave systems with commensurability 3,”
Phys. Rev. Lett. 46, 738–741 (1981).
[17] A. J. Niemi and G. W. Semenoff, “Fermion number fractionization in
quantum field theory,” Phys. Rep. 135, 99–193 (1986).
[18] J. Ruostekoski, J. Javanainen, and G. V. Dunne, “Manipulating atoms
in an optical lattice: Fractional fermion number and its optical quantum
measurement,” Phys. Rev. A 77, 013603 (2008).
[19] M. J. Rice and E. J. Mele, “Elementary excitations of a linearly conju-
gated diatomic polymer,” Phys. Rev. Lett. 49, 1455–1459 (1982).
17
[20] R. Jackiw and G. Semenoff, “Continuum quantum field theory for
a linearly conjugated diatomic polymer with fermion fractionization,”
Phys. Rev. Lett. 50, 439–442 (1983).
[21] A. J. Heeger, S. Kivelson, J. R. Schrieffer, and W. P. Su, “Solitons in
conducting polymers,” Rev. Mod. Phys. 60, 781–850 (1988).
[22] N. S. Manton, “Topology in the weinberg-salam theory,”
Phys. Rev. D 28, 2019–2026 (1983).
[23] Sutcliffe P. Manton, N. S., “Saddle points
- sphalerons, in topological solitons,”
Cambridge Monographs on Mathematical Physics , 441–466 (2004).
[24] L. A. Lyusternik, “Topology and the calculus of variations,”
Uspekhi Mat. Nauk 1, 30–56 (1946).
[25] Rupp C. Klinkhamer, F.R., “Sphalerons, spectral flow and anomalies,”
Jour. of Math. Phys. 44, 3619 (2003).
[26] F. R. Klinkhamer and N. S. Manton, “A saddle - point solution in the
weinberg - salam theory,” Phys. Rev. D 30, 2212–2220 (1984).
[27] M.E. Shaposhnikov V.A. Rubakov, “Electroweak baryon number non-
conservation in the early universe and in high - energy collisions,”
Physics - Uspekhi 39 (1996), 10.1070/PU1996v039n05ABEH000145.
[28] Rostam Zadeh S. Gousheh, S.S., “A minimal system including weak
sphalerons for investigating the evolution of matter asymmetries and
hypermagnetic fields,” arXiv:1812.10092 [hep-ph] (2018).
[29] Roger F. Dashen, Brosl Hasslacher, and Andre´ Neveu, “Nonperturba-
tive methods and extended-hadron models in field theory. i. semiclassical
functional methods,” Phys. Rev. D 10, 4114–4129 (1974).
[30] J. Boguta, “Can nuclear interactions be long ranged?”
Phys. Rev. Lett. 50, 148–152 (1983).
[31] J.Kripfganz M.Hellmund, “The decay of the sphaleron,”
Nucl. Phys. B 373, 749–758 (1992).
18
[32] Edward Witten, “Some exact multipseudoparticle solutions of classical
yang-mills theory,” Phys. Rev. Lett. 38, 121–124 (1977).
[33] N.S.Manton, “Complex structure of monopoles,”
Nucl. Phys. B 135, 319–332 (1978).
[34] Claudio Rebbi and Paolo Rossi, “Multimonopole solutions in the prasad-
sommerfield limit,” Phys. Rev. D 22, 2010–2017 (1980).
[35] Y. Brihaye B. Kleihaus, J. Kunz, “The electroweak sphaleron at physical
mixing angle,” Phys. Lett. B 273, 100–104 (1991).
[36] Jutta Kunz Michael Leiner Rustam Ibadov, Burkhard Klei-
haus, “Gravitating sphaleron - antisphaleron systems,”
Phys. Lett. B 663, 136–140 (2008).
[37] Michael Leiner Burkhard Kleihaus, Jutta Kunz, “Sphalerons, anti-
sphalerons and vortex rings,” Phys. Lett. B 663, 438–444 (2008).
[38] Kari Myklevoll Burkhard Kleihaus, Jutta Kunz, “Platonic sphalerons,”
Phys. Lett. B 582, 187–195 (2004).
[39] F.Zimmerschied B.Kleihaus, D.H.Tchrakian, “Sphaleron of a 4 dimen-
sional so(4) higgs model,” Phys. Lett. B 461, 224–229 (1999).
[40] Burkhard Kleihaus and Jutta Kunz, “Multisphalerons in the weinberg-
salam theory,” Phys. Rev. D 50, 5343–5351 (1994).
[41] F.R.Klinkhamer, “Construction of a new electroweak sphaleron,”
Nucl. Phys. B 410, 343–354 (1993).
[42] C.Rupp F.R.Klinkhamer, “A sphaleron for the non-abelian anomaly,”
Nucl. Phys. B 709, 171–191 (2005).
[43] F. R. Klinkhamer and P. Nagel, “su(3) sphaleron: Numerical solution,”
Phys. Rev. D 96, 016006 (2017).
[44] J. Kunz J. Boguta, “Hadroids and sphalerons,”
Phys. Lett. B 154, 407–410 (1985).
[45] A. Ringwald, “Sphaleron and level crossing,”
Phys. Lett. B 213, 61–63 (1988).
19
[46] Yves Brihaye Jutta Kunz, “Fermions in the background of the sphaleron
barrier,” Phys. Lett. B 304, 141–146 (1993).
[47] M. F. Atiyah and I. M. Singer, “The index of elliptic operators: V,”
Annals of Mathematics 93, 139–149 (1971).
[48] Guido Nolte, Jutta Kunz, and Burkhard Kleihaus, “Nonde-
generate fermions in the background of the sphaleron barrier,”
Phys. Rev. D 53, 3451–3459 (1996).
[49] F.R.Klinkhamer, “A new sphaleron in the weinberg - salam theory,”
Phys. Lett. B 246, 131–134 (1990).
[50] G. ’t Hooft, “Symmetry breaking through bell-jackiw anomalies,”
Phys. Rev. Lett. 37, 8–11 (1976).
[51] Yves Brihaye and Jutta Kunz, “Axially symmetric solutions in elec-
troweak theory,” Phys. Rev. D 50, 4175–4182 (1994).
[52] Jutta Kunz, Burkhard Kleihaus, and Yves Brihaye, “Sphalerons at
finite mixing angle,” Phys. Rev. D 46, 3587–3600 (1992).
20
